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Frequency down-conversion through Bose condensation of light

Patrick Navez
Ecole Polytechnique, CP 165, Universite´ Libre de Bruxelles, 1050 Brussels, Belgium

~Received 11 September 2002; revised manuscript received 21 January 2003; published 11 July 2003!

We propose an experimental setup allowing one to convert an input light of wavelengths about 1 –2mm into
an output light of a lower frequency. The basic principle of operation relies on the nonlinear optical properties
exhibited by a microcavity filled with a photonic bandgap material. The light inside this material behaves like
an interacting Bose gas susceptible to reach thermal equilibrium and create a Bose-Einstein condensate.
Theoretical estimations show that using a fiber grating, a conversion of 1mm into 1.5mm is achieved with an
input pulse of about 1 ns, and characterized by a peak power of 103 W.
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I. INTRODUCTION

The recent discovery of the Bose-Einstein condensat
atomic gas demonstrated, experimentally, the existence
macroscopic state where a majority of particles are in
same quantum state of energy@1#. This new property is of
considerable interest since it offers the possibility of creat
an atom laser. By analogy with the laser, the particles m
collectively to form a coherent wave. The success of t
discovery is due, in part, to the ability of atoms to co
evaporatively in a trap. By eliminating the hottest atom
some cold atoms are heated so that they get their en
from the other cold ones, ensuring a thermal equilibriu
The net result is a cooling, leading to a macroscopic po
lation in the lowest ground state.

One question arises then: If such a thermal relaxation p
cess is successful for atoms, why not use it for photo
Suppose that a photon gas has an initial nonequilibrium s
trum of frequency in the optical domain. If it evolves in
nonlinear medium to allow strong enough collision intera
tions between photons, the thermal equilibrum spectral
tribution can be reached.

Based on simple dimensional analysis, we show in t
paper that thermal relaxation of optical intense light is inde
possible, provided the following conditions are satisfied:~1!
the light evolves in a glass medium, having a sufficiently lo
absorption, in such a way as to enable one to observe st
enough nonlinear interactions;~2! the glass is inside a high
finesse cavity in order to confine the photons during a ti
greater than the relaxation time, towards thermal equi
rium; and~3! high intensity light is required to stimulate th
collision process by means of Bose enhancement. A sim
proposal, known as polariton laser, has been reported, w
instead of direct photon-photon scattering, a particular k
of nonlinearity coming from the exciton-photon coupling a
exciton-exciton scattering is considered@2#.

Furthermore, in order to realize the~quasi-!condensation
of light, the photon must acquire an effective mass. A tw
dimensional~2D! massive Bose gas is created in a cav
where only the fundamental mode is considered among
gitudinal modes@3#. Concerning the three-dimensional~3D!
Bose gas, we propose that the glass is a photonic ban
material having a band with a dispersion relation resemb
that of a massive particle.
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Exploiting the phenomenon of thermal relaxation, two im
portant applications are interesting to study: first, the conv
sion of a high-frequency pulse of light to a pulse of low
frequencies, distributed according to the Bose-Einstein
tistics, and second, the generation of a multicolor light out
a monochromatic one, through an appropriate redistribu
of the spectrum. We explore the possibility of using diele
tric structures and multimode optical fiber gratings to real
the first application.

The paper is divided into four sections. The first is d
voted to the physical description of the cavity and the sec
to the process of thermal relaxation leading to the freque
down-conversion. An extension to 3D cavity is studied, w
a particular emphasis given to the case of fiber gratings,
fore ending with the conclusion.

II. DESCRIPTION OF THE CAVITY SYSTEM

We start with the description of the 2D setup. It consi
of a planar microcavity surrounded by two semitranspar
mirrors that ensure reflection of the longitudinal compon
of the electromagnetic field. The microcavity has a tra
verse size much larger than the longitudinal one,L;mm,
and is filled with a material exhibiting significant third-orde
optical nonlinearity, together with a small absorption coe
cient. Typically, let us take the case of a glass with linear a
nonlinear refractive indices, n051.44 and n2;3
310220 m2/W, and a linear absorption coefficienta;5
31025 m21. If the mirrors are perfect, longitudinal compo
nentskW i of wave vectorkW take discrete values. The funda
mental frequency corresponds to the lowest valuev0

52pc/l05c/n0ukW i ,0u5cp/n0L, wherec is the velocity of
light. Selecting only this lowest value and continuous valu
for transverse componentskW' , energy spectrume(kW ) of the
photon moving in the cavity is that of a relativistic 2D Bos
gas with a massm5\pn0 /(Lc);eV @3#:

ekW'
5\vkW'

5
\c

n0
AS p

L D 2

1kW'
2 .\v01

\2kW'
2

2m
. ~1!

The perfection of the cavity is limited by the quality o
the mirrors. High finesse of the orderF;106 has been re-
ported@4# for a dielectric having a thin layer structure mad
of SiO2 and Ta2O5.
©2003 The American Physical Society11-1
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When an electric field propagates inside the microcavit
polarization is created and is decomposed into three term

PW ~xW ,t !5PW cons~xW ,t !1PW dissip~xW ,t !2PW gain~xW ,t !. ~2!

The first term conserves the electromagnetic energy:

PW cons~xW ,t !5~x (1)1x (3)EW 2~xW ,t !!EW ~xW ,t ! ~3!

and describes the linear and nonlinear polarizations that
tribute to the total effective energy Hamiltonian:

H5E
V
d3xW F e

2
EW 2~xW ,t !1

m0

2
HW 2~xW ,t !1

3x (3)

4
EW 4~xW ,t !G . ~4!

The susceptibility coefficients are related to refractive ind
n5n01n2I through e/e05n0

2 and x (3)5e0
2(11x (1))cn2.

The second term in Eq.~2! describes the dissipative loss
PW dissip(xW ,t)5aEW (xW ,t). Finally, the third term is present in
the case where photons are created by an active med
inside the cavity, such as a semiconductor. In classical p
ics, the presence of these terms allows one to establish
following balance energy equation:

dH

dt
5E

V
d3xW @PW gain~xW ,t !2PW dissip~xW ,t !#•EW ~xW ,t !. ~5!

The quantification of the hamiltonian amounts to repla
ing the coefficients coming from each mode of the fields
the corresponding creation and annihilation operators,âi

† and

âi . Each indexi labels a mode by its wave-vector comp
nentskW andg which represent the polarization state and d
tinguish between TE and TM waves@5#. Developing the
Hamiltonian in terms of these operators, we make the ro
ing wave approximation by means of which we elimina
contribution that does not conserve the photon number.
obtains@3#

Ĥ5(
i

\v i âi
†âi1 (

i , j ,l ,m

Vi , j ,l ,m

2V
âi

†â j
†âl âm . ~6!

The effective potential is assumed to be constant in a
approximation and is related to scattering lengtha through
relation Vi , j ,l ,m54pa\2/m. This constant has been es
mated in Ref.@3# and allows one to express the scatteri
length in terms of the nonlinear refractive index through:

a.
\c2n2n0

2

4p S 2p

l0
D 3

. ~7!

For glass and l051.5 mm, scattering length a;3
310218 m is much lower than the value for atoms (aatoms
;10210 m) since the very low photon effective mass r
stricts the possibility of scattering.

III. FREQUENCY CONVERSION PROCESS

The frequency conversion inside the cavity proceeds
the following way. An initial photon pulse with a distributio
01381
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centered in a frequencyvp higher thanv0 is created inside
the cavity. This pulse could be generated from an active m
dium or could be injected from outside. Then, the therma
zation process turns the initial distribution into a Bos
Einstein distribution f (vkW'

)5@exp(b\vkW'
2bm)21#21,

presenting a narrow width maximum intensity at the low
frequencyv0, when the effective temperaturekBTe f f51/b is
close to zero and chemical potentialm close tov0. No con-
densate transition is expected for a 2D free Bose gas,
quasicondensation is predicted for an interacting one. Th
after, since the cavity finesse is finite, the resulting therm
distribution evolves slowly outward to obtain a final co
verted pulse outside the cavity.

The energy conservation imposes that part of the phot
are distributed with a frequency higher thanvp . If these
photons escape from the cavity, the process of evapora
cooling increases the population in the lowest levels. T
process takes place provided that a lower refractive inde
the transverse coating allows the high transverse compon
of the light to escape from the transverse edge of the ca
Assuming the minimum refractive index for the coating~air!,
only modes with a wavelength greater thanl5l0 /n0
(1 mm for l51.5 mm) remain confined inside the cavity
But, as seen below, evaporative cooling is not necessar
convert light frequency.

Full thermal relaxation of light requires that the photo
gas remains confined and energetically isolated for a l
enough time. Therefore, the average confining time of
photon inside the cavity must be much larger than the re
ation time towards equilibrium,t relax , which is the average
time between two successive collisions of photons@6#. The
confining time is limited by the absorption time inside th
cavity, tabs51/(ac), and by cavity finesseF leading to a
damping time of the field,tcav;LFn0 /c. For the case of a
glass, the second effect is dominant sincea21@FL and
therefore, the first realization condition statestcav@t relax .

The relaxation time can be estimated approximately fr
the kinetic theory to be

1

t relax
5r

c

n0
s~11N̄! ~8!

and depends directly on average photon densityr, the veloc-
ity inside the medium,c/n0, the total cross sections ~as-
sumed to be constant as a function of the energy!, and de-
generacy factorN̄ which is the average photon number p
mode. Note that if\→0 thena→0 and that no relaxation
exists, since in a classical field system the photon does
exist.

The total cross section is calculated in the Born appro
mation for the constant potential, taking into account t
conservation of momentum and the conservation of ene
during the binary collision. The result iss54pa2 @7#.

FactorN̄ is introduced to take into account the Bose e
hancement that stimulates the collision process and dim
ishes the time to reach thermal equilibrium. By analogy w
the laser, a high population in an excited mode state,Nexc,
enhances the deexcitation process through stimulated e
1-2
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sion. This effect combined with the spontaneous emiss
leads to a global enhancement factor 11Nexc. Similarly, the
presence of a high degeneracy in population cavity m
NkW'

stimulates the quantum collision process through fac

11NkW'
. This factor originates from the Uehling-Uhlenbec

quantum kinetic equation governing the evolution of mod
population@6,8#. In comparison with the Boltzmann kineti
equation describing the relaxation of a classical gas, s
factors appear in the binary collision rate in this quant
equation and amplify the relaxation process. As a con
quence, the collision rate, which is linear in the mode po
lation distribution in the case of the Boltzmann equatio
becomes quadratic in the case of the Uehling-Uhlenb
equation. That is why, in addition to the usual classical f
mula for relaxation, we introduce factor 11N̄ in the estima-
tion of Eq. ~8!. We estimateN̄ as the ratio between averag
densityr and the average density of mode assuming that
photon density is, on an average, uniformly distributed
any frequency betweenv0 andvp and is zero otherwise. In
this approximation, the average density of mode is

1

LES

d2kW'

~2p!2
5

p

Ll0
2 F S l0

lp
D 2

21G , ~9!

where S is the area of the wave vector satisfyingukW'u2
,(2p/lp)22(2p/l0)2. Using Eq.~9!, we obtain

N̄5
Ll0

2r

p F S l0

lp
D 2

21G21

. ~10!

Important deviation from this uniformity occurs if the initia
~final! distribution is narrowly peaked around the initial~fi-
nal! frequencyvp (v0).

The second realization condition is that the photon nu
ber or power absorbed inside the medium should not exc
a certain amount, in order not to increase, considerably,
temperature of the glass. If we authorize an increase of
per pulse, and since the specific heat of glass is ab
2 J/m3 K, the photon density absorbed must not be grea
thanr l;231025 photons/m3. If tcav!tabs then the fraction
absorbed during timetcav is

r@12exp~2tcav /tabs!#.rtcav /tabs<r l . ~11!

Using the explicit expression fortcav , tabs, and Eqs.~8!,
~10!, and ~11!, the two realization conditions combined to
gether impose the following constraints on the density:

F S l0

lp
D 2

21G1/2 1

2Ll0aAF !r<
r l

n0aLF . ~12!

These inequalities express that the photon density mus
high enough in order to favor collision rate over the damp
rate, and must not exceed a critical value in order not to h
considerably, the glass.

To satisfy these inequalities for a ratiol0 /lp51.5, the
fidelity factor must obeyF<1014. In the realistic case of a
dielectric withF<106, the minimum density corresponds
01381
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1026 photons/m3 or 231016 W/m2. If the input light pulse
time is tcav52.531029 s, we need a peak power o
106 W/cm2.

The effective temperature and the chemical potential
estimated by expressing the conservation of the photon n
ber and energy of the pulse before and after thermal re
ation, neglecting the much smaller photon and energy los
The initial pulse is injected in such a way that the phot
densityr and energy density\vpr fill, uniformly, the total
volume of the cavity. The final pulse has a Bose-Einst
frequency distribution with the dispersion relation~1!. We
deduce the following balance equations:

r5
1

LES

d2kW'

~2p!2
f ~vkW'

!5
2

lB
2L

S g1~k!1
g2~k!

b\v D , ~13!

\vpr5
2

LES

d2kW'

~2p!2
\vkW'

f ~vkW'
!

5\v0r1
2

blB
2L

S g2~k!12
g3~k!

b\v D , ~14!

where lB5h/A2pmkBT is the thermal wavelength andk
5b(\v02m). gk(z)5( j 51

` e2 jz/ j k are the Bose-Einstein
functions. The factor of 2 takes into account the two state
polarization. The resulting thermal pulse has an effect
temperature ofTe f f;106 K and a chemical potentialm
→\v0. In this situation, most of the light is redistributed
the low-frequency region. If evaporative cooling takes pla
the final temperature is lowered since some high-energy p
tons are lost and, consequently, the conversion rate
creases.

In the case of multimode fiber gratings, an all-in-one
tegrated structure is composed of two mirrors and the mic
cavity ~Fig. 1!. Three typical values of parameters areF
5103, a5531022 m21, and the transverse core section
102 mm2, allowing one to populate higher frequency tran
verse modes if the cladding index is close to unity@9,10#.
This corresponds to a minimum density of 1018 W/m2 and
tcav52.5310212 s and a peak power of 105 W. The use of
such a power has been reported in fiber grating experim
@11#.

IV. EXTENSION TO A 3D CAVITY

In order to create a real condensate, a 3D cavity is nee
which must allow continuous values of the longitudin
wave-vector component. One possibility is that the cavity
itself a photonic band-gap material made of periodic laye
in such a way thatv0 is the minimum frequency of an al
lowed band with wave vectorkW i ,0 . In general, the interband
interaction between particles is less frequent than the in
band interaction which, due to the difficulty in satisfyin
momentum-energy conservation, has much less probab
to occur. Therefore, the thermal relaxation process is ma
achieved inside the band and generates a real condensat
assume that betweenv0 and vp , the frequency spectrum
1-3
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within the band is of the form

v~kW !5v01
\~kW2kW i ,0!

2

2m
. ~15!

As a consequence, the integration over the whole wa
vector space, with frequency betweenv0 and vp , changes
the average density of mode in 3D into 4p@2v0(vp

2v0)#3/2. For a longitudinal sizeL̃ of the photonic band-gap
material, the damping time is modified intotcav;L̃Fn0 /c
and the constraints on the density become, in 3D,

F S l0

lp
D21G3/4 1

l0
3/2aAFL̃

!r<
r l

n0aL̃F . ~16!

For a photonic band gap integrated inside the fiber gra
with L̃5103 L andF5103, we obtain a lower photon den
sity of 231016 W/m2, a much highertcav52.531029 s,
and a lower peak power of 103 W, compared to the case o
2D. Using the dispersion relation~15!, the effective tempera
ture and the condensate populationr0 are estimated from the
correponding photon number and energy balance equa
in 3D. Integrating over the whole space of wave vector,
extend Eqs.~13! and ~14! in 3D and deduce

r5r012zS 3

2D 1

lB
3

, ~17!

FIG. 1. Setup for frequency down-conversion using fiber gr
ing.
01381
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where r0 is the condensate density andz(x) the Riemann
zeta function. We findTe f f;106 K much lower than critical
temperatureTc;108 K, which means thatr0.r. The un-
certainty in frequencyv0 in the resulting condensate is lim
ited by the cavity finesse throughDv;1/tcav .

Strictly speaking, these estimations need to be valida
by a more detailed description of the dynamical process.
at present, we prefer a model based on a simple estima
for two reasons. First, adequate kinetic equations mus
formulated which take into account the presence of the c
densate. Various models for atomic particle exist in the
erature but no one is commonly accepted@8#. In this context,
there is no advantage to use one more sophisticated mod
it is not justified by experiment. Second, the particular no
linear properties of a fiber grating at high light intensity a
not yet well known to allow a complete characterizati
@11,12#.

Other important nonlinear effects are the Raman and
Brillouin scatterings which can compete to convert the f
quencies and can increase the absorption loss inside the
ity @9#. The rate at which these phenomena occur in an o
nary glass are estimated to be linearly proportional to
density, with constants 10213 m/W and 6310211 m/W for
the peak Raman gain, and peak Brillouin gain respectiv
@9#. For the power of light considered, this corresponds
relevant rates of 1012–1014 Hz which contribute to broaden
ing of the spectrum of the input pulse centered aroundvp .

Another important question is how to inject an initi
pulse of light inside the cavity. If we exclude the use of
active medium, the light can be introduced transversely
the transverse edge, by coupling the cavity medium with
optical fiber or with a prism@13#. In the case of fiber grat-
ings, Fig. 1 depicts a possible setup. Two initial pulses, g
erated by a laser, are modulated to get a specific spatial
file in order to enter coherently in the fiber grating throu
the mirrors. After the frequency conversion takes place,
resulting light distribution leaves the cavity and gets out
means of the circulators.

This spatial profile of the pulses must be designed in or
to inject a maximum percentage of the intensity inside
cavity. At least in the case of small light intensity it is po
sible to determine an optimal profile through a dynami
simulation. Indeed, we notice that the time-reversal proc
describes an initial light density inside the cavity evolvin
towards two pulses outside the cavity. This process is g
erned by the linear classical Maxwell equation and thus,
be simulated. Since the dynamic evolution is time-rever
invariant when the dissipation is neglected, the spatial pro
of the two resulting pulses is precisely the one to be use
order to confine the totality of the light inside the cavity. Th
size of the profile for each pulse is determined by the dam
ing rate and is of the order oftcavc/n0.

-

1-4
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V. CONCLUSION

In conclusion, we show the feasibility to convert th
frequency of a light inside an optical nonlinear cavi
The analysis is based on an estimation of the collis
rate between photons in a glass, leading to a ther
equilibrium and a high condensed population in the fun
mental mode of the cavity. Fiber gratings are possible
vices to be used for the conversion. But a better experime
knowledge of nonlinear properties of fiber gratings is nee
and an improved modeling should be developed for a m
n

n
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precise description of the various dynamical processes
volved.
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